The electron and heavy hole energy levels of two vertically coupled InAs hemispherical quantum dots/wetting layers embedded in a GaAs barrier are calculated numerically. As the radius increases, the electronic energies increase for the small base radii and decrease for the larger ones. The energies decrease as the dot height increases. The intersubband and interband transitions of the system are also studied. For both, a spectral peak position shift to lower energies is seen due to the vertical coupling of dots. The interband transition energy decreases as the dot size increases, decreases for the dot shapes with larger heights, and reaches a minimum for coupled semisphere dots.
Quantum dots (QDs) have been one of the important topics of research activities in recent years. These semiconductor nanostructures with discrete subbands have been used in applications such as quantum information processing [1] and infrared photodetectors [2] . Some of the recent works on the QDs are optical properties of a box-shaped QD [3] , a spherical QD with a position-dependent effective mass [4] , a multilayered spherical QD [5] , exciton effects on the optical properties of a disk-like QD under electric [6] and magnetic [7] fields, optical properties of a hydrogenic impurity in an ellipsoidal QD with an electric field [8] , electronic and optical properties of a conical QD [9] , electronic and optical properties of a hemispherical QD (HQD)/wetting layer (WL) with and without hydrogenic impurities [10] . As presented in our previous work [10] , the hemispherical shape has been observed for islands formed during the growth of InAs on a GaAs substrate by Leonard et al. [11] . Moreover, Solomon et al. [12] have reported vertically coupled InAs/GaAs QDs grown by molecular beam epitaxy in the Stranski-Krastanov growth mode. They have observed InAs QDs with a uniform size in the vertically coupled layers of QDs, contrary to QDs of a single-layer sample with different sizes. This size uniformity results in a spectral linewidth reduction. The other result of the vertically coupling of QDs is the spectral peak position shifts to lower energies. Vertically aligned arrays have also been used to enhance the performance of devices like QD light emitting diodes, lasers, or spectrometers, which suffer from a low gain or response in the presence of only one dot layer [13] . These results show the importance of the investigation of vertically coupled QDs, so we consider two vertically coupled HQDs (TVCHQDs) with WLs.
The electronic structure of two vertically coupled pyramidal [13] and cylindrical [14] QDs have previously been investigated.
In this Letter, the electron and heavy hole energy levels of two vertically coupled InAs HQDs with WLs embedded in a GaAs barrier are obtained numerically using the finite element method. Our system is considered to interact with two electromagnetic fields: a weak probe and a strong control field. Then, the linear and third-order nonlinear susceptibilities of the probe field are calculated in the system influenced by the control field. The numerical results for the energy levels, transition energies, and optical properties of the system are presented. The intersubband and interband transition energies are calculated. The dot size and shape dependence of the electron energy levels and interband transition energies are studied. The optical properties of TVCHQDs/WLs are compared with a single HQD/WL.
We have considered two vertically coupled InAs HQDs on top of WLs embedded in a GaAs barrier. According to Ref. [12] vertically coupled InAs QDs in GaAs have been constructed experimentally by the molecular beam epitaxy growth-induced islanding process. Up to 10 vertically coupled island layers have been reported. They have deposited the epitaxial layers in a Varian Gen II molecular-beam epitaxy system using As 2 as the arsenic source and a V/III beam equivalent pressure ratio of 9. The InAs island region and all subsequent depositions have been conducted at 500°C. The InAs deposition rate and GaAs growth rate have been 0.19 μm/h. The energy levels of the system are calculated. The HQDs base radius and height are assumed to be 10 and 5 nm, respectively, corresponding to the experimental results [11] , with a separation between QDs of a ¼ 2 nm. This means that the GaAs spacer layer thickness, the thickness between two WLs, is 7 nm. Figure 1 shows the TVCHQDs/WLs system investigated in this Letter.
The strong confinement regime, in which the radius of the QD is much smaller than the exciton effective Bohr radius, is discussed. In this regime, the Coulomb term can be neglected. The Schrödinger equation in the effective mass approximation for a carrier (electron or heavy hole) confined to the TVCHQDs/WLs is given as
where ℏ is the reduced Planck constant, m Ã ðrÞ is the position-dependent carrier effective mass, and V ðrÞ is the confining potential. E and ψðrÞ are, respectively, the energy eigenvalue and wavefunction of the carrier which we have calculated by solving Eq. (1) numerically using the finite element method after the separation of ψðr;ϕ;zÞ¼ N uðr;zÞe ilϕ . N is the normalization constant and jlj ¼ 0; 1; 2; …. The boundary conditions satisfied at the interface between the TVCHQDs/WLs and the barrier are [15] : uj InAs ¼uj GaAs and n·∇ð [16] , m Ã hh;InAs ðr; zÞ ¼ 0.41m 0 , and m Ã hh;GaAs ðr;zÞ¼0.5m 0 [17] (m 0 is the electron mass). V InAs ðr; zÞ ¼ 0, V el;GaAs ðr; zÞ ¼ 0.697 eV, and V hh;GaAs ðr; zÞ ¼ 0.288 eV [18] . In this Letter, both the intersubband (intraband) and interband transitions are investigated. The intra(inter) band transition is between the electron ground and first excited states (heavy hole and electron ground states). The interband transition energy is the sum of the heavy hole, electron ground state energies (in the valence and conduction band, respectively), and the bandgap energy.
The optical properties of TVCHQDs/WLs induced by intersubband transitions in the conduction band are studied. The system is assumed to interact with two laser fields. Both fields are polarized along the x direction and propagate along the z direction. The 
the electronic charge, u i is the wavefunction of the ith subband. The configuration of the three levels is a lambda type. The weak, pulsed probe (strong continuous-wave control) field is applied to transition j1i↔j3i (j2i↔j3i) with the frequency of ω p (ω c ).
Similar to our previous work [10] , the first-and thirdorder susceptibilities of the probe pulse have been obtained. Since the absorption (dispersion) is proportional to the imaginary (real) part of the susceptibility [19] , the first-order absorption and dispersion of the probe pulse are proportional to
and the third-order absorption and dispersion are proportional to
, and γ i are, respectively, the permittivity of free space, the electron density, and the decay rate of subband jii. Δ p ¼ ω p − ω 31 and Δ c ¼ ω c − ω 32 are detunings of the probe and control fields (ω 31 and ω 32 are the transition frequencies of transitions j3i↔j1i and j3i↔j2i).
are the Rabi frequencies associated with the coupling of the light fields to the transitions j3i↔j1i and j3i↔j2i [20] [21] [22] (μ 31 and μ 32 are the matrix elements of the dipole moment for the corresponding transitions, E p;c is the slowly varying envelope of the fields). The three lowest electron energy levels of the TVCHQDs/WLs system have been obtained by solving Eq. (1) numerically. The ground, first, and second excited state energies are 193.1, 206.8, and 305.7 meV, respectively. The electron is present in both of the two QDs because the two QDs are coupled together. Under the condition that transition between the electron ground and first exited states is allowed, the intersubband transition energy is 13.7 meV. The corresponding value for the single HQD (base radius 10 nm, height 5 nm) in our previous work [10] was 110 meV. This shows a redshift due to the vertical coupling of HQDs.
As we know, the electronic structure of QD systems depends on the size of the dots, so HQDs with different base radii have been considered. For all HQDs, the base radius to height ratio is 2. The three lowest electron energy levels for TVCHQDs/WLs have been calculated. The ground, first, and second excited state energies as a function of the base radius are shown in Fig. 2(a) . As the radius increases, the energies increase for the small base radii and decrease for the larger base radii. The reason can be explained according to the calculated electron wave functions. For small base radii, the electron wave function expands in both HQDs and WLs; however, for the larger radii, it localizes only in the HQDs. It is clear that, for the latter case, the energies should decrease as the dot size increases.
To investigate the dot shape dependence of the electronic structure of our system, we have considered HQDs with a base radius of 10 and a ¼ 2 nm. We have changed the HQD height from 2 nm (oblate HQD) to 10 nm (semisphere QD) and calculated the electronic structure. The three lowest energy levels of the TVCHQDs/WLs as a function of height are shown in Fig. 2(b) . It is clear that the energies decrease as the HQD height increases.
To investigate the interband transitions, the heavy hole energy levels in the valence band have been calculated by solving Eq. (1). For the TVCHQDs/WLs system shown in Fig. 1 , an interband transition energy of 565.1 meV has been obtained. For comparison, the interband transition energy for a single HQD/WL with a base radius of 10 nm and a height of 5 nm has been calculated. The corresponding value is 571.9 meV. This shows a spectral peak position shift to lower energies due to the vertical coupling of HQDs. This transition energy reduction is in agreement with the experimental result obtained by Solomon et al. [12] . Figure 3(a) shows the interband transition energy of the TVCHQDs/WLs as a function of the HQD base radius.
The interband transition energy decreases as the HQDs size increases. Figure 3(b) shows the interband transition energy of the TVCHQDs/WLs as a function of the HQD height. As we can see, the interband transition energy varies for different shapes of dots. Oblate coupled QDs systems have the maximum interband transition energy. The interband transition energy decreases as the height increases and reaches a minimum value for coupled semisphere QDs.
Finally, we want to study the optical properties of the TVCHQDs/WLs shown in Fig. 1 and compare them to the single HQD/WL investigated in our previous work with the same size [10] . The linear and nonlinear absorptions and dispersions of the probe pulse as a function of the probe frequency ω p for these two systems are shown in Fig. 4 . The parameters used in the calculations are:
, and Δ c ¼ 2γ 2 .
As Fig. 4 shows, the linear and nonlinear absorptions and dispersions of the TVCHQDs/WLs exhibit blueshifts with respect to a single HQD/WL. The reason is the configuration of the lambda type for TVCHQDs/WLs in contrast with the configuration of a cascade type for the single HQD/WL. For TVCHQDs/WLs, the j1i↔j3i transition is induced by the probe field polarized along the x direction, whereas the j1i↔j2i transition is induced in the case of a single HQD/WL. The larger transition frequency of TVCHQDs/WLs leads to the blue shift.
In conclusion, the electron and heavy hole energy levels of two vertically coupled InAs HQDs with WLs embedded in a GaAs barrier are calculated in the strong confinement regime. The energy levels are calculated by solving the Schrödinger equation numerically in the effective mass approximation using the finite element method. First, the electron energy levels in the conduction band were studied. Our calculations for different HQD sizes show that as the radius increases the electron ground, first, and second excited state energies increase for the small base radii and decrease for the larger base radii. For different QD shapes, the results show that the electron ground, first, and second excited state energies decrease as the HQD height increases. Then, both the intersubband and interband transition energies are obtained. Both of them show a spectral peak position shift to lower energies for the TVCHQDs/WLs with respect to a similar single HQD/WL. This is an important result of the vertical coupling of HQDs. The results show that the interband transition energy decreases as the HQD base radius and height are increase. Furthermore, the linear and thirdorder nonlinear absorptions and dispersions of the weak probe pulse propagating in the system influenced by a strong control field are obtained. A comparison of the optical properties of the TVCHQDs/WLs with that of a single HQD/WL shows that the linear and nonlinear absorptions and dispersions exhibit blueshifts.
